Advanced Topics in ML and AGT Fall Semester, 2017 /12

Lecture & December 11

Lecturer: Yishay Mansour Scribe: Amit Zohar, Amir Barda, Olya Sirkin

8.1 Lecture Overview

In this lecture we discuss sample size lower bounds. For this we need some background
in Information Theory.

8.2 Distance between Distributions

Definition The distance between two distributions P and Q is defined as:
1P =Qll, =) |P(z) - Qx)]

Lemma 8.1 For every function f:x — [—1,+1] :
Eqlf(z)] = Euurlf(2)] < |1P = Q)
and there exists f such that:
Eqlf(z)] = Eveplf(2)] = |P = Q|

We can think of f as a probability of  coming from (). The larger |P — @Q)||, is, the
better f can distinguish between P and ().
Proof: Let f be defined as f(x) = sign(P(z) — Q(z))

E(f] = Elf] = 1) 1f(@)(P(z) - Q(x)

= | ) I(P(z) — Q(x)]
= ||P_Q||1

And for any f:

[Eplf] = Eolfll = | ) f(2)(P(x) = Q@) < Y [(P(2) = Qx))] < |P = Q,

T
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We can think about f giving a ”correct” answer as Pro[f(z) = @] and of f giving
a "wrong” answer as Prp[f(z) = Q]. We would like the difference between the two
to be large so that f could distinguish between P and Q).

Definition P™, Q™
szplxpg...Pm

Q" =0Q1 X Q2 x...Qun
Lemma 8.2

IP™ = Q™ < I —Qil,y
i=1

Proof: We are going to prove the lemma by induction on m. For m = 1:

1P = Q™|l, = [P = QI

This follows trivially from definition of P™ and Q™.

For m > 1:
1P = Q=) ZlHP i) HQi(ﬂ?i)l
Let us define a(z) = ﬁ Pi(x;) and p(z) = ﬁ Qi(x;) and also T = x5 ... .
=2 =2

[P — Qm||1<zz 2)|Pu(z1) = Qu(x)| + D Y Qi(m)|a(z) — B(a)]
T T

Note that > a(z) = 1 and > Qq(z1) = 1 because o and @), are distributions.
z T

Therefore:
1P = Q™ < D |Pi(x1) — @iz + Y la(z) —
x1 T

< P =@l + Y IIP - @il

= > P -Qil,
=1

OJ
We'll use the above lemma to derive a lower bound on m.
Suppose P; ~ Br(3), Q; ~ Br(#£<). Where Br(p) is a Bernoulli random variable of
probability p.

| P — QZH1 =€
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1 =20 <|[P"=Q™||, <mxe

This bound is not tight, since we know that the right rate is e%
Next we are going to derive tighter bound using KL-Divergence.

8.3 KL-Divergence

The Kullback-Leibler (KL) divergence is a measure of the difference between two
distributions P and Q.
Definition The KL Divergence between two distributions P and () is defined as:

KL(PIQ) = Bewplon i) = 3 Plo) st g

Note that KL divergence is not symmetric; i.e., K L(P||Q) # KL(QHP).

8.3.1 Properties of KL divergence.
1. Positivity: KL(P||Q) >0, KL(P||Q) =0+ KL =0.

Proof: Suppose f(y) = yin(y). It is easy to show that f is convex, therefore:

P, o 1 P
HUPIQ) = 3 Plallog(Gy) = 2 Q@I ()
> (Y Qg = H( Pl = F(1) =0

T

O

2. Chain Rule for KL-divergence. Under independence assumption it holds that:

KL(P™|Q™) = > KL(P]|Q:)

Proof: Let us define h;(z;) = In (Q ((x))) and x = (z1...2p), x; 1.0.d
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P )
— ZZP(w)hZ(JZl)
= 35 Planhia) Y T Piay)
i=1 =z xjFTi JFE

B iZiszn [%}

3. The Pinsker Inequality:

VA€ Q:2(P(A4) - Q(A))* < KL(P||Q)

Before proving the inequality, we first begin with a helpful lemma:

Lemma 8.3 Y, _, P(x)log 52 > P(A)log 54

x€A Qz) = (A)

Proof: Denote: Vo € A: Py(z) = 1];((14)) (x) = (4. Therefore
P)log 28 pray. ST py(a)log LA Palr)
2 Pla)log gy = P(A) -3 Pata)los o570

A)-) " Pa(x)log gi—@;) + P(A)log ij) Y Pa(z)

(x) QA) =

Since 3,4 Pa(w) = 1 and Py(x)log 28 = KL(P4||Q4) > 0:
(z) o P(A)
P(z)lo > P(A)log —=
z; g ) > PWlos 5o

We now prove the Pinsker Inequality:
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Proof: We apply the previous lemma twice and get:

.CE) P(A)
1 — P(A)

Pz)
ZP log O) = > (1—P(A))log T=0A)

Denote a = P(A), b= P(B). By summing the two inequalities above we get:

a 1—a b4 1-ua b 2—a
KL(P||Q) > alog + + (1 —a)1 = — dr= | —m——d
(PllQ) = alog 5 + (1 —a)log — / PR /ax(l—x)x

Since z(1 — z) >

e

0]
8.4 A Better Lower Bound
Now we can get a much better bound than before.
Assume that P = Br(4£¢),Q = Br(3). Like before, ||P — Q||; = e. Furthermore:
1-— 1 1
KI(PIIQ) = 15 log(1+ ) + 15 “log(1 — ) = 2 log(1 — &) + Slog(; %) < 2¢

By using the 2nd and 3rd properties of the KL divergence we get:
2(P™(A) = QM(A))* < KL(P™|Q™) = m - KL(P||Q) < 2me®

By setting the lower bound to 1 — 26 we get:

1-26 < [P(A) — Q(A)| < ey/m

Therefore we derive the bound: m > (1_6—36)2 = Q(}z)

8.5 A Lower Bound for Best Arm Identification

We begin with a short reminder about the Best-Arm-Identification problem (for sim-
plicity we assume the distribution is Bernouli):

e The algorithm uses actions T times and then outputs a guess yr € A for the
best action
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e We focus only on the quality of the guess - the probability for success: Pryr =
a*|

e Each action a € A has a reward r(a) € [0, 1]

e For every action a € A denote p(a) = E[r(a)].

e An actions profile is defined as I = {pu(a) : a € A}

e The criterion for success (we ignore § for simplicity): Prlyr correct|I] > 0.99
We'll look at a group of profiles:
I, = {u(i) =5 7

pli) =15  i=j

We'll want: Prlyr = i|;] > 0.99

Lemma 8.4 Suppose T < 2—’; for a small enough c. Then there exist at least [%}
actions j for which Prlyr = j|I;] < 2

Before the proof, we define some notations.
Given a profile I, we sample each action T times. Therefore the probability space is
Q = {0,1}%2T and each w € Q is a realization.

For every A C Q) denote: P;(A) = Pr[A|l]
Denote the probability for action a € A at time ¢ € [T] by P
Therefore: P; = Ilaeallicr P;’t

We prove for two cases:

1. For k = 2 we prove the bound 7' = Q(%)

€

2. For k > 24 we prove the bound T = Q(%)

€

8.6 Proof for K =2

Proof: There are two actions {1,2}. Denote by A the realizations where the algo-
rithm predicts 1: A = {w € Q : yr = 1}. For correctness, we demand P;(A) > 0.99
and P»(A) <0.01.

Then:
2(Pi(A) — Py(A))? < KL(P||P) = Y Y KL(PM||P5)

ac{1,2} te[T]

< 2T - 262 = 4T¢€?
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By requiring |P;(A) — Py(A)| > 0.98 we get:
0.98 < |P(A) — Py(A)| < eV2T

Therefore: T' = Q(%) O

8.7 Proof for K > 24

Proof: We define another profile: Iy = {u(a) = 1}. Intuitively, this is a "fair”
profile, which assigns the same expected value to all arms, in contrast to the ”"unfair”
profiles I;, which give the j arm’s expected value a positive bias.

We make the following claims:
Claim 8.5 3K, C K : |Ky| > 2|K| A E[T}|Iy] = Eo[T}] < 3%

Proof: By contradiction, assume that there is a group K’ C K : |K'| > |K/3|
arms with Vj € K’ Ey[T;] > 37 /K. This implies that the arms in K’ are played
strictly more than 7T times. 0

Claim 8.6 3K, C K : |K,| > 3|K|AVj € Ky : Prlyr = jllo) = Prolyr = j] < &

Proof: By contradiction, assume that there is a group K’ C K : |K'| > |K/3|

arms with Vj € K', Prolyr = j] > <. This implies that the combined probability

K
that the arms in K’ are selected to be yr is strictly greater than 1. 0
Now, we use Markov’s inequality and Ey[Tj] < %T from claim 8.5 to deduce that
Pro[T; > 2T < ¢. This is equivalent to Pro[T; < 22T] > 1

We define K3 = |K; N K3|. Due to the pigeon hole principle we have
Ky K| > 1K

It follows from the definition of K3 and claim 8.5 and 8.6 that:

: 24 7 , 3
VJEKgPro[QS?T]ZgApro[yTI]]SE

We choose a j € K3 and define a "reduced” sample space (2 = (2" x 1L, 4 or

where arm 7 is played only m = % times. The reason for defining this sample
space will become apparent later on.
We define for every action and for each event A C Q*:

B (A) = PrlAlL]

Using pinsker’s rule:
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2(F5 (A) = P;(A)* < KL(RS|IP;) =Y > KL(Z™||Py™) + Y KL(B™|| P) < 2mé?
t=1

a#j t

Rearranging terms, we get (for ¢ < 1555

24T 24cK 1
VA |F(A) = P{(A)] < evm = ¢4/ e €\/ o =V 24c < 3 (8.1)

Notice the role of m in the simplification.

We note the bound in (8.1) holds only for events A C Q* . Therfore, we can not use
it the bound the event A = {yr = j} directly. To overcome this, we now define the
following two events:

A=L{yr =i ATy <m}, A" =A{T; > m}

both of these events are in Q* (A" C Q* because whether the algorithm samples arm
J more than m times is completely determined by the first m coin tosses)

Using A and A’, we bound P;(A) :

+

IN
A

J

PIA) S S+ B S S+ Blyr =) < 5+

| —

_|_

1 1 1
Tk /<_ * /< S
PJ(A)_8+PO(A)_ 5= 1

o =

Pi(yr =) < Pi(yr = jAT; <m)+ PHT; >m) <

N | —

O

8.8 Proving a Lower Bound on Multi Armed Ban-
dits Algorithms

Theorem 8.7 (MAB Lower Bound) For every MAB algorithm:
Elregret] = Q(VTK)

Proof: Assume T < 06—12{

For every round ¢, we define a set S; which contains all the ”good” arms which
the MAB algorithm will not pick with the required high probability (define high
probability as say, 99%), as defined in lemma ?7.

w

St:{jGK:Pr[at:ﬂIj}SZ
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Due to lemma 8.4, we have the lower bound of S;:

K
Sz 5

Now, we run a profile ;. For every a # j we have A = ¢/2 (difference in bias
between fair coin RCy and unfair coin RC)

We proceed to derive the required lower bound:

1 1+
Elu(as)|a™ € 5] < EPT[at #a*la” € Sy + ‘

Prla; = a*la* € Sy

1 € 1 € 3 1 3e €
-4 ZPrla = ala* <-4 -2 2t
513 rla; = a*la GSt]_2+2 1=t g =H —3
Elu(ay)] < Pria* € S|(u* — <) + Prla* € Sijp* = p* — =Prla” € S| < p* — —

Where we used € =



