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1 Stochastic Bandits

In this model, there is a fixed set K of k actions (a.k.a arms). At each round 1 ≤ t ≤ T¸ the player
has to choose an action. After choosing it, the player observes the reward of the chosen action, but the
rewards of the other actions in K are not revealed to the player.

The reward for action i at round t is denoted by rt(i) ∼ Di, where the reward distribution Di is over
[0,1]. We assume that the rewards are i.i.d (independent and identically distributed).

Motivation

1. News: a user visits a news site and is presented with a news header. The user either clicks on
this header or not. The goal of the website is to maximize the number of clicks. So each possible
header is an arm in a bandit problem, and the clicks are the rewards

2. Medical Trials: Each patient in the trial is prescribed one treatment out of several possible
treatments. Each treatment is an arm, and the reward for each patient is the effectiveness of the
prescribed treatment.

3. Ad selection: In website advertising, a user visits a webpage, and a learning algorithm selects
one of many possible ads to display. If ad a is displayed, the website observes whether the user
clicks on the ad, in which case the advertiser pays some amount va ∈ [0, 1]. So each ad is an arm,
and the paid amount is the reward.

Model

• A set of arms K = {a1 . . . , ak}

• Each arm ai has a reward distribution Di

• The expectation of distributaion Di is:

µi = EX∼Di
[X]

• µ∗ = max
i

µi.

• at is the action the player chose at round t

Regret = max
i∈K

T∑
t=1

ri(t)︸︷︷︸
Random variable

−
T∑

t=1

rt(at)︸ ︷︷ ︸
Random variable

Pseudo Regret = max
i

E

[
T∑

t=1

ri(t)

]
− E

[
T∑

t=1

rt(at)

]

= µ∗ · T −
T∑

t=1

µat

1
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2 Sub-Gaussian Random Varibale

A random variable X is called σ2 − sub− gaussian if for any λ ∈ R:

E
[
eλX

]
≤ eσ

2λ2/2

Examples

1. X ∼ N
(
0, σ2

)
, E

[
eλX

]
= eσ

2λ2/2 ⇒ X is σ2 − sub− gaussian

2. X s.t

{
E [X] = 0

|X| ≤ B
, then X is B2 − sub− gaussian

2.1 Properties of σ2 − sub− gaussian rendom variable X

• E [X] = 0, V ar (X) ≤ σ2

• c ·X is c2σ2 − sub− gaussian

• If X1 . . . , Xm are σ2 − sub − gaussian then S =

m∑
i=1

Xi is mσ2 − sub − gaussian. This implies

that:

1
mS = 1

m

m∑
i=1

Xi is
σ2

m − sub− gaussian

Theorem 1 Let X be σ2 − sub− gaussian random variable, then Pr[X ⩾ ϵ] ≤ exp(− ϵ2

2σ2 ).

Proof: For any λ > 0,

P r[X ⩾ ϵ] = Pr[eλX ⩾ eλϵ]

≤ E[eλX ]
eλϵ

≤ exp(σ2λ2/2− λϵ)

We’ve used Markov’s inequality for the first inequality and the fact that the random variable is
σ2 − sub− gaussian for the second inequality.

If we choose λ = ϵ2

σ2 , then we get:

Pr[X ⩾ ϵ] ≤ exp(− ϵ2

2σ2 )

□

2.2 Hoeffding’s inequality

Given X1, . . . , Xm i.i.d random variables s.t Xi ∈ [0, 1] and E[Xi] = µ.
Let X̄i = Xi − µ, then:

Pr[
1

m

m∑
i=1

Xi − µ︸ ︷︷ ︸
1
mS

≥ ϵ] ≤ exp(− ϵ2m
2 )

This is a direct conclusion from last theorem using the facts that E[X̄i] = 0 and:

Xi ∈ [0, 1] ⇒ |X̄i| ≤ 1

⇒ Xi is 1-sub-gaussian
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2.3 Full information K = 2

• We get
⟨
r1(t), r2(t)

⟩
• Define

Si(t) =
1

t

t∑
τ=1

ri(τ)

• In time t+ 1 we choose:
it+1 = arg max

i∈{1,2}
Si(t)

Suppose w.l.o.g that µ1 ≥ µ2, and define ∆ = µ1 − µ2 ≥ 0.

Pseudo Regret =
∞∑
t=1

(µ1 − µ2)Pr [S2(t) ≥ S1(t)]

∀tE[S2(t)− S1(t)] = µ2 − µ1 = −∆

Pr

S2(t)− S1(t) + ∆︸ ︷︷ ︸
1
t−sub−gaussian

≥ ∆

 ≤ e−∆2 t
2

E [Pseudo Regret] =
∞∑
t=1

∆Pr [S2(t) ≥ S1(t)]

≤
∞∑
t=1

∆e−∆2 t
2

≤
∫ ∞

0

∆e−∆2 t
2 dt

=
[

2
∆e−∆2 t

2

]∞
0

= 2
∆

Notice that this bound doesn’t depend on T!

2.4 Bandits

We will now see that we can’t get a regret that doesn’t depend on T for the bandits case. Let’s look at
the next example:

a1 ∼ Br

(
1

3

)
, a2 ∼ Br

(
1

2

)
Assume by way of contradiction

E [regret] = R

where R doesn’t depend on T. By Markov inequality:

Pr [regret ≥ 2R] ≤ 1

2

After 2R samples there might be an action that we will no longer play:
Suppose that for the first 2R rounds of our game:
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∀t ≤ 2R r1(t) = 1, r2(t) = 0

This event happens with probability:(
1

3

)2R (
1

3

)2R

=

(
1

3

)4R

Clearly after this sequence, We won’t play action 2 any more.
So after the first 2R rounds we will play only action 1 and therefore:

regret ≥
(
1

3

)4R

T

for T = 35R we get:
regret ≥ 3R

This example shows that if R doesn’t depend on T , even when the error is very small, we could still
end up with a very high regret (by controling the size of T). In order to avoid these cases we would like
to bound R as a function of logT :

R = Θ(log T )

3 Explore-Then-Exploit

• We choose a time frame kM to explore. For M phases we choose each action once, for a total of
kM rounds of exploration (That is, we choose each ation M times during the exploration part).

• After kMrounds we allways choose the action that had highest average reward during the explore
phase

Define Tj to be the times in which we explore action j, i.e.

Tj = {t : t mod K = j, t ≤ K ·M}

µ̂j =
1

M

∑
t∈Tj

rj(t)

µj = E [rj(t)]

Then we define the distance of each action from the optimal action:

∆j = µ∗ − µj

E [Pseudo regret] =
K∑
j=1

∆j ·M︸ ︷︷ ︸
Explore

+(T −K ·M)
K∑
j=1

∆jPr
[
µ̂j = max

i
µ̂i

]
︸ ︷︷ ︸

Exploit

define:

λ =

√
8 log T

M

Therefore:

Pr [|µ̂j − µj | ≥ λ] ≤ 2e−
λ2M

2 = 2
T 4
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Pr [∃j : |µ̂j − µj | ≥ λ]︸ ︷︷ ︸
B

≤ 2k
T 4 ≤

for k≤T

2
T 3

Define the “bad event” B = {∃j : |µ̂j − µj | ≥ λ}. If B did not happen¸ then for each j:

µj + λ ≥ µ̂j ≥ µ̂∗ ≥ µ∗ − λ

therefore:
2λ ≥ µ∗ − µj = ∆j

and therefore:
∆j ≤ 2λ

Then, we get the following regret:

Regret =

 K∑
j=1

∆j

M

︸ ︷︷ ︸
Explore

+(T −K ·M) · 2λ︸ ︷︷ ︸
B didn’t happen

+
2

T 3
· T︸ ︷︷ ︸

B happened

= K ·M + 2 ·
√

8 log T
M · T + 2

T 2

If we optimize the number of exploration phases M and choose M = T
2
3 , we get:

K · T 2
3 + 2 ·

√
8 log T · T 2

3 +
2

T 2

which is sublinear but more than the O(T 1/2) rate we want to have.

4 More Advanced Algorithms

• We will look at some more advanced algorithms:

Define:
ni(t) - the number of times we chose action i by round t
µ̂i(t) - the average reward of action so far, that is:

µ̂i(t) =
T∑

t=1

ri(t)I (at = i)
1

ni(t)

Notice that ni(t) is a random variable and not a number!
We would like to get the following result:

Pr

|µ̂i(t)− µi| ≤

√
8 log T

ni(t)︸ ︷︷ ︸
λi(t)

 ≥ 1− 2

T 4

We would like to look at the mth time we sampled action i:

V̂i(m) =
1

m

m∑
τ=1

ri(tτ )
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Where the tτ ’s are the rounds when we chose action i
Now we fix m and get:

∀i∀m Pr

[∣∣∣V̂i(m)− µi

∣∣∣ ≤√
8 log T

m

]
≥ 1− 2

T 4

and notice that µ̂i(t) ≡ V̂i(m) when m = ni(t).
Define the “good event” G:

G = {∀i∀t |µ̂i(t)− µi| ≤ λi(t)}

Pr (G) ≥ 1− 2

T 2

5 Confidence Bound

Define the upper confidence bound:

UCBi(t) = µ̂i(t) + λi(t)

and similarly, the lower confidence bound:

LCBi(t) = µ̂i(t)− λi(t)

if G happened then:
∀i∀t µi ∈ [LCBi(t), UCBi(t)]

Therefore:

Pr

[
∀i∀t µi ∈ [LCBi(t), UCBi(t)]

]
≥ 1− 2

T 2

5.1 Successive Elimination

We maintain a set of actions S.
Initially S = K
In each phase:

• We try every i ∈ S once

• For each j ∈ S if there exists i ∈ S such that:

UCBj(t) < LCBi(t)

We remove j from S, that is we update:

S ← S − {j}

We will get the following results:

• As long as action i is still in S, we’ve tried it exactly the same number of times as all of the other
actions still in S.

• The best action [under the assumption of G] is never eliminated from S.
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Under the assumption of G we get:

µ∗ − 2λ ≤ µ̂∗ − λ = LCB∗ < UCBi = µ̂i + λ ≤ µi + 2λ

Where λ = λi = λ∗ because we’ve chosen action i and the best action the same number of times so
far.

Therefore:

∆i = µ∗ − µi ≤ 4λ = 4

√
8 log T

ni(t)

⇒ ni(T ) ≤
c

∆2
i

log T

⇒ E [Pseudo Regret] =
k∑

i=1

∆ini(t)

≤
k∑

i=1

c

∆i
log T +

2

T 2
· T︸ ︷︷ ︸

The bad event

meaning that the expected pseudo regret is bounded by
k∑

i=1

c

∆i
log T +O

(
1
T

)
.

5.2 Upper confidence bound

• We try each action once (for a total of k rounds)

• Afterwards we choose:

at = argmax
i

UCB(i)

If we chose action i then necessarily [under the assumption of G]:

UCBi ≥ UCB∗ ≥ µ∗

⇒ UCBi = µ̂i + λi ≤ µi + 2λi

⇒ µi + 2λi ≥ µ∗

⇒ 2λi ≥ µ∗ − µi = ∆i

Then each time we’ve chosen action i, we couldn’t have made a very big mistake because:

∆i ≤ 2 ·

√
8 log T

ni(t)

And therefore if i is very far off from the optimal action¸we wouldn’t choose it too many times,
because:

ni(t) ≤
c

∆2
i

log T

And over all we get:
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E [Pseudo Regret] =
k∑

i=1

∆iE [ni(t)] +
2

T 2
· T︸ ︷︷ ︸

The bad event

≤
k∑

i=1

c

∆i
· log T +

2

T

6 Best Arm Identification

First Goal Given ϵ, δ > 0, find in probability 1− δ, an action i such that:

µ∗ − µi ≤ ϵ

Second Goal Given ∆ ≤ µ∗ − µi (for every i that isn’t optimal), find the optimal action a∗ in
probability 1− δ.

6.1 Naive Algorithm (for the first goal):

We sample each action i for O
(

1
ϵ2 log

k
δ

)
times, and return a = argmax

i
µ̂i .

If all the rewards are between 0 to 1, then for every action i:

Pr

|µ̂i − µi| >
ϵ

2︸ ︷︷ ︸
bad event

 ≤ e−(
ϵ
2 )

2
m/2 =

δ

k

by union bound we get:

Pr
[
∃i |µ̂i − µi| >

ϵ

2

]
≤ δ

If the bad event didn’t happen, then: {
µ∗ − ϵ

2 ≤ µ̂∗

µi +
ϵ
2 ≤ µ̂i

⇒ µi +
ϵ

2
≥ µ̂i ≥ µ̂∗ ≥ µ∗ − ϵ

2

⇒ ϵ ≥ µ∗ − µi

And therefore a = argmax
i

µ̂i is the optimal action in probability 1− δ

We would like to improve this algorithm by reducing the number of rounds from O( k
ϵ2 log

k
δ ) to

O( k
ϵ2 log

1
δ )

6.2 Median Algorithm:

The idea: the algorithm runs for l phases, after each phase we eliminate half of the actions. This
elimination allows us to sample each action more times in the next phase which makes eliminating the
optimal action less likely.
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Algorithm 1 Median Algorithm

Input: ϵ, δ > 0
Output: ā ∈ K
Init: S1 = K, ϵ1 = 3

4 , δ1 = δ
2 , l = 1

Repeat:

∀i ∈ Sl, sample action i, 1

( ϵl
2 )

2 log
(

3
δl

)
times

µ̂i ← mean (only of samples during the lthphase)
medianl ← median {µ̂i : i ∈ Sl}
Sl+1 ← {i ∈ Sl : µ̂i ≥ medianl}
ϵl+1 ← 3

4ϵl
δl+1 ← δl

2
l← l + 1

Until |Sl| = 1

Complexity: During phase l we have |Sl| = k
2l−1 actions. In addition:

ϵl =
ϵ

4

(
3

4

)l−1

, δl =
δ

2l

⇒
∑

ϵl ≤ ϵ,
∑

δl ≤ δ

The total number of samples is therefore:

∑
l

k

2l−1

64

ϵ2

(
16

9

)l−1

log
3 · 2l

δ
=

∑
l

k

(
8

9

)l−1 [
c ·

log 1
δ

ϵ2
+

log 3

ϵ2
+

l

ϵ2

]

= O
(

k
ϵ2 log

1
δ

)
This is in contrast to O

(
k
ϵ2 log

k
δ

)
of the naive algorithm

Correctness: We will prove for l = 1, but similarly this holds for any l

Theorem 2 Pr

 max
j∈Sl

µj︸ ︷︷ ︸
best action l

≤ max
j∈Sl+1

µj︸ ︷︷ ︸
best action l + 1

+ϵl

 ≥ 1− δl

Proof:
Define the event: E1 =

{
µ̂∗ < µ∗ − ϵ1

2

}
. We have: Pr [E1] ≤ δ1

3
If E1 didn’t happen, we define a bad set:

Bad = {j : µ∗ − µj ≥ ϵ1, µ̂j ≥ µ̂∗}
Consider an action j such that µ∗ − µj ≥ ϵ1. then:

Pr[µ̂j − µ̂∗
∣∣∣µ̂∗ ≥ µ∗ − ϵ1

2︸ ︷︷ ︸
⌝E1

]
≤ Pr

[
µ̂j ≥ µj +

ϵ1
2 |⌝E1

]
≤ δ1

3

Note that the probability is still high. We will show that it can not happen to too many such actions.
We will bound the expectation of the size of Bad. i.e.

E [|Bad| |⌝E1 ] ≤ k
δ1
3
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with Markov’s inequality we get:

Pr
[
|Bad| ≥ k

2

]
≤ E|Bad|

k/2 = 2
3δ1

with probability 1− δ1: µ̂∗ ≥ µ∗ − ϵ1
2 and |Bad| < k

2 .
Therefore: ∃j /∈ Bad and j ∈ Sl+1.

□


