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1 Swap Regret

1.1 Definition

In the previous lesson we defined Swap Regret :
Let A be the set of possible actions, and let F : A Ñ A be a function that maps an action to another action
(which can be the same or a different action). Given a sequence of losses `1, . . . , `T and actions a1, . . . , aT we
define the regret with respect to F :

RF “
T
ÿ

t“1

`tpatq ´ `tpF patqq

The swap regret in the maximum over all such functions F :

Swap Regret “ max
F

RF

1.2 Reduction from External Regret to Swap Regret

We will now give a black-box reduction showing how any algorithm B achieving good external regret can be used
as a subroutine to achieve good swap regret as well. The high-level idea is illustrated in the following diagram:

Figure 1: Reduction from External Regret to Swap Regret

Let B1, . . . , Bm be algorithms that minimize the external regret, where m is the number of actions. At each
time step, these algorithms will each give us a probability vector qti , which we will combine in a particular way
to produce our own probability vector pt. When we receive a loss vector `t, we will partition it among the m
algorithms, giving algorithm Bi it’s part of the loss `ti:

`ti “ ptpiq`t.

Notice that ptpiq is a scalar and `t is a vector, the multiplication is done element-wise. Bi’s loss of action j at
time t is therefore:

`tipjq “ ptpiq`tpjq .
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We choose pt in the following way. At each time step t, algorithm Bi outputs a distribution qti . We define the
matrix M to be the matrix who’s rows are qti :

M “

¨

˚

˝

—qt1—
...

—qtm—

˛

‹

‚

We choose pt to be a distribution p s.t. p “ pTM (we can view p as a stationary distribution of the Markov
Process defined by M , it is well known that such a p exists). For intuition into this choice of p, notice that it
implies we can consider action selection in two equivalent ways:

1. Directly sample an action a „ pt.

2. First sample an algorithm i „ pt and then use algorithm Bi to select an action a „ qti .

From our choice of pt it follows that:

@a :
m
ÿ

i“1

ptpiqqtipaq “ ptpaq .

Regret Analysis The loss that Bi “sees” at time t is:

`ti “ pp
tpiq`tqT qti “ ptpiqpp`tqT qtiq

Recall that Bi is an algorithm that minimizes the external regret and let R be the regret bound for any Bi, then:

@j LTBi
“

T
ÿ

t“1

ptpiqpp`tqT qtiq ď
T
ÿ

t“1

`tipjq `R “
T
ÿ

t“1

ptpiq`tpjq `R .

In words, Bi ensures low regret for a function F that maps an action i to an action j, i.e. F piq “ j.
If we sum the losses of the m algorithms at time t, we get:

m
ÿ

i“1

ptpiqppqtiq
T `tq “ pptqTM`t “ pptqT `t “ `ton (1)

Therefore, sum of the perceived losses of the m algorithms is equal to the actual loss.
Summing Equation 1 over all time steps, we get that for all functions F : AÑ A:

LTon “
T
ÿ

t“1

`ton “
T
ÿ

t“1

m
ÿ

i“1

ptpiqppqtiq
T `tq “

m
ÿ

i“1

LTBi
ď

m
ÿ

i“1

˜

T
ÿ

t“1

ptpiq`tpF piqq `R

¸

“

m
ÿ

i“1

LTiÑF piq`mR “ LTon,F `mR

We already saw a regret minimization algorithm that achieves an external regret of R «
?
T logm.

Therefore, we can derive an algorithm that achieves a swap regret bound of:

Swap Regret ď m
a

T logm .

This bound can be further improved to the following:

Swap Regret ď
a

mT logm

But we will not show it here.
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1.3 Lower Bound

For parameter k, let m “ 2k, T “ αk, we will show:

R ě Ωp
?
Tmq “ Ωp

?
αkq

Given algorithm with distribution pt in time step t, let Mtpiq “ be the number of times action i was chosen up
to time t i.e.

řt
τ“1 pτ piq. Divide the actions to pairs p2j ´ 1, 2jq, The adversary assigns losses `ti as follows:

• If Mtp2jq `Mtp2j ´ 1q ă α
2 , that is, the j-th pair was not chosen many times, then:

p`tp2j ´ 1q, `tp2jqq “

#

p1, 0q with probability 1
2

p0, 1q with probability 1
2

• Otherwise, `tp2j ´ 1q “ `tp2jq “ 1

Since
řm
i“1Mtpiq “

řm
i“1

řt
τ“1 pτ piq “

řt
τ“1

řm
i“1 pτ piq “ T , the expected loss of any algorithm is at least

kα2
1
2 ` k

α
2 1 “ 3

4T

If there is a pair with M2j´1 `M t
2j ă

α
2 , then either action 2j ´ 1 or action 2j has a loss of at most T

2 . This

implies the lower bound: regret ě 3
4T ´

T
2 “

T
4 . Otherwise, for any pair with M2j´1 `M t

2j ě
α
2 swapping the

actions of the pair to the lower loss appropriately, gives an expected improvement of Ωp
?
αq for each pair. With

k such pairs, the lower bound Ωp
?
αkq “ Ωp

?
mT q follows.

2 Wide Range Regret

2.1 Definition

We want to extend our model in two ways:

• Modification Rules: function f which given history and current action, choose another action. In contrast
to Swap Regret in which the functions were not history dependent.

• Time Selection: Function which set which times are counted. Iptq P r0, 1s, can be thought as weighting of
the steps which we want to be good at. Example for set of functions: the set of all of the intervals, its size
is OpT 2q.

In time t, given history until time t for a modification rule f : A Ñ A, which is history dependent, Let M a
matrix such that

M t
f pi, jq “

#

i j “ fpiq

0 otherwise .

For an algorithm H with relation to pI, fq the regret is

RegretpH, I, fq “
T
ÿ

t“1

Iptq

¨

˚

˚

˝

ÿ

aPA

ptpaq
loomoon

probabilities of H

p`tpaq ´ `tpfpaqqq

˛

‹

‹

‚

“

T
ÿ

t“1

IptqppTt `t ´ p
T
t M

T
f `tq

Given set of pairs of modifications rule and time selection functions S Ď I ˆ F

RegretpH,Sq “ max
pI,fqPS

RegretpH, I, fq

We want to achieve regret bound as a function of |S|.
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2.2 Reduction from External Regret to Wide Range Regret

Theorem 1. : Given Hext with external regret RpT,Kq and losses in r´1, 1s. It is possible to build an algorithm
H for losses in r0, 1s such that RegretpH,Sq “ RpT, |S|q , which runs in polynomial time in T , k, |S|.

The reduction:

• Initialize Hext with arms set S

• A time t Hext returns distribution qt over S

• Choose pair pI, fq with probability „ IptqqtpI, fq.

• Take distribution pt which is equal before and after (formal definition will be given in the proof).

• Feed Hext loss
¯̀
tpI, fq “ Iptq

ÿ

aPA

ptpaqp`tpfpaqq ´ `tpaqq

Intuitively, the loss passed to the black box Hext for pI, fq is such that qtpI, fq measures the regret with respect
to time selection function I of not having modified the output of Hext using function f .

Figure 2: Reduction from External Regret to Wide Range Regret. Note that we denoted hext losses with l̄

Proof. : For computing pt algorithm Hext gets Iptq and qtpI, fq. if
ř

pI,fqPS IptqqtpI, fq “ 0 return an arbitrary
pt. Otherwise, we will take pt such that

pTt “ pTt

¨

˚

˚

˚

˚

˚

˝

ÿ

pI,fqPS

IptqqtpI, fq
ř

pI,fqPS IptqqtpI, fq
loooooooooooomoooooooooooon

weights are summed to 1

M t
f

˛

‹

‹

‹

‹

‹

‚
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Such pt exists since every row of the matrix is summed to 1, that is, 1 is eigenvalue of the matrix.
We defined the losses as:

¯̀
tpI, fq “ Iptq

ÿ

aPA

ptpaqp`tpfpaq ´ `tpaqq “ IptqpTt pM
t
f ´ Iq`t

Observe that
T
ÿ

t“1

¯̀
tpI, fq “

T
ÿ

t“1

IptqpTt pM
t
f ´ Iq`t “ ´RegretpH, I, fq

and indeed ¯̀
tpI, fq P r´1, 1s since

|¯̀tpI, fq| “

ˇ

ˇ

ˇ

ˇ

ˇ

Iptq
ÿ

aPA

ptpaqp`tpfpaq ´ `tpaqq

ˇ

ˇ

ˇ

ˇ

ˇ

ď |Iptq|
ÿ

aPA

|ptpaq| |p`tpfpaq ´ `tpaqq| ď Iptq
ÿ

aPA

ptpaq ¨1 ď
ÿ

aPA

ptpaq ď 1

From the external regret of Hext

@pI, fq P S
T
ÿ

t“1

ÿ

pJ,gqPS

qtpJ, gq¯̀tpJ, gq

loooooooooooomoooooooooooon

Hext loss in time t

ď
ÿ

t

¯̀
tpI, fq `RpT, |S|q “ ´RegretpH, I, fq `RpT, |S|q

Claim which we will prove later:

Hext loss in time t “
ÿ

pJ,gqPS

qtpJ, gq¯̀tpJ, gq

The claim with the inequality above yields

´RegretpH, I, fq `RpT, |S|q ě
T
ÿ

t“1

0 “ 0

ùñ RegretpH, I, fq ď RpT, |S|q

as required.

Proof for the claim:
ÿ

pJ,gqPs1

qtpJ, gq¯̀tpJ, gq “
ÿ

pJ,gqPS

qtpJ, gqJptqp
T
t pM

t
g ´ Iq`t “

“
ÿ

pJ,gqPS

qtpJ, gqJptqp
T
t M

t
g`t ´

ÿ

pJ,gqPS

qtpJ, gqJptqp
T
t `t “

“ pTt

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptqM
t
g

˛

‚`t ´

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptq

˛

‚ppTt `tq “ ‹

• if
ř

pJ,gq JptqqtpJ, gq ‰ 0,

‹ “ pTt

ř

pJ,gqPS qtpJ, gqJptq
ř

pJ,gqPS qtpJ, gqJptq

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptqM
t
g

˛

‚`t ´

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptq

˛

‚ppTt `tq “

“

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptq

˛

‚pTt

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptq
ř

pJ,gqPS qtpJ, gqJptq
M t
g

˛

‚`t ´

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptq

˛

‚ppTt `tq “

“

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptq

˛

‚ppTt `tq ´

¨

˝

ÿ

pJ,gqPS

qtpJ, gqJptq

˛

‚ppTt `tq “ 0

When the last identity follows from the way we selected pt
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• otherwise, if
ř

pJ,gq JptqqtpJ, gq “ 0, since all of the summands are non-negative, for every pJ, gq P S,

qtpJ, gqJptq “ 0 that is either qtpJ, gq “ 0 or Jptq “ 0 and obviously ‹ “ 0 as required.

3 Minimizing Regret with Time Selection Functions

We now present an online algorithm that achieves good external regret bound in presence of time selection
functions. The regret bound will depend on Lmin, the loss of the best action w.r.t the time selection function I,
making it a first-order regret bound (zero-order regret bound depends on the global time T ). Formally, Lmin is
defined to be:

Lmin “ max
I

min
pI,fqPS

T
ÿ

t“1

IptqpTt M
t
f `t

Where M t
f is defined the same as in the previous section.

Theorem 2. Regret ď O
´

a

Lmin log |S| ` log |S|
¯

Proof. We present an algorithm and analyze its regret. First let’s define loss of algorithm H w.r.t I:

LH,IT “

T
ÿ

t“1

IptqpTt `t

and the loss of algorithm H w.r.t pI, fq:

LH,I,fT “

T
ÿ

t“1

IptqpTt M
t
f `t

for simplicity we assume that @t DI s.t. Iptq ‰ 0 (otherwise all the losses at time t are zero).
Let β P p0, 1q. We define the Reduced Regret to be:

R̃H,I,ft “ βLH,It ´ LH,I,ft

Note that if β “ 1, this is the swap regret. We will use the reduced regret for the regret analysis, but we still
want to minimize the regular regret.

Our algorithm will assign a weight wtpI, fq to every pair of time-selection function I and modification rule f :

wtpI, fq “ β´R̃
H,I,f
t , and w0pI, fq “ 1

and we normalize the weights:

qtpI, fq “
wtpI, fq

Wt´1
, where Wt´1 “

ÿ

pI,fqPS

wt´1pI, fq

Intuition for the choice of weights If we have high regret from a pair pI, fq we would like to increase their
weight, that way we will play them more and the regret from this pair won’t be high anymore. Note that because

β P p0, 1q, wtpI, fq “ β´R̃
H,I,f
t increases with the regret.

We are now ready to describe the algorithm. For each time t, our algorithm H will do the following:

1. Compute qtpI, fq.

2. Choose pt just like in the previous section:

pTt “ pTt

¨

˝

ÿ

pI,fqPS

IptqqtpI, fq
ř

pI,fqPS IptqqtpI, fq
M t
f

˛

‚

(Recall that we assumed that @tDI s.t. Iptq ‰ 0, therefore the denominator is not zero)

6



Claim 1. @t
ř

pI,fqPS wtpI, fq ď
ř

pI,fqPS wt´1pI, fq

The proof will be given later this section.

From Claim 1:
β´pβL

H,I
T ´LH,I,f

T q “ β´R̃T pH,I,fq “ wtpI, fq ď
ÿ

pI,fqPS

w0pI, fq “ |S|

Taking logarithm from both sides we get:

´

βLH,IT ´ LH,I,fT

¯

log

ˆ

1

β

˙

ď log |S|

Therefore:

LH,IT ď
1

β

˜

LH,I,fT `
log |S|

log 1
β

¸

Note that the inequality above is true for all pairs pI, fq P S, specifically it is also true for the pI, fq pair that
give Lmin, so:

LH,IT ď
1

β

˜

Lmin `
log |S|

log 1
β

¸

If we choose β s.t:

1

β
“ 1`min

#

1

2
,

d

log |S|

Lmin

+

we get:

Regret ď O
´

a

Lmin log |S| ` log |S|
¯

Notice that β is dependent on Lmin, so it can not be chosen beforehand. This can be solved using the doubling
trick : At each time step calculate Lmin and every time Lmin doubles itself, restart the algorithm. This will
multiply the regret bound by a constant factor.

We now turn to prove Claim 1.

Proof. Note that for any β P p0, 1q and x P r0, 1s we have βx ď 1´ p1´ βqx and β´x ď 1` p1´ βq xβ . Therefore,

ÿ

pI,fqPS

wtpI, fq “
ÿ

pI,fqPS

wt´1pI, fqβ
IptqppTt M

t
f `t´βp

T
t `tq

ď
ÿ

pI,fqPS

wt´1pI, fq
“

1´ p1´ βqIptqpptq
TM t

f `t
‰

¨
“

1` p1´ βqIptqpTt `t
‰

ď
ÿ

pI,fqPS

wt´1pI, fq ´ p1´ βqWt´1

ÿ

pI,fqPS

qtpI, fqIptqp
T
t M

t
f `t ` p1´ βqWt´1

ÿ

pI,fq

qtpI, fqIptqp
T
t `t

“
ÿ

pI,fqPS

wt´1pI, fq ´ p1´ βqWt´1p
T
t

¨

˝

ÿ

pI,fqPS

qtpI, fqIptqM
t
f `t

˛

‚` p1´ βqWt´1p
T
t

¨

˝

ÿ

pI,fq

qtpI, fqIptq

˛

‚`t

“
ÿ

pI,fqPS

wt´1pI, fq

where the last equation is due to our choice of pt.
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