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1 Swap Regret
1.1 Definition

In the previous lesson we defined Swap Regret:

Let A be the set of possible actions, and let F' : A — A be a function that maps an action to another action
(which can be the same or a different action). Given a sequence of losses {1, ...,¢r and actions aq,...,ar we
define the regret with respect to F:

T
Rp = Z li(ar) — €(F(at))

t=1

The swap regret in the maximum over all such functions F"

Swap Regret = max Rp

1.2 Reduction from External Regret to Swap Regret

We will now give a black-box reduction showing how any algorithm B achieving good external regret can be used
as a subroutine to achieve good swap regret as well. The high-level idea is illustrated in the following diagram:
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Figure 1: Reduction from External Regret to Swap Regret

Let By,..., By, be algorithms that minimize the external regret, where m is the number of actions. At each
time step, these algorithms will each give us a probability vector g, which we will combine in a particular way
to produce our own probability vector pt. When we receive a loss vector £!, we will partition it among the m
algorithms, giving algorithm B; it’s part of the loss ¢¢:

Notice that p(i) is a scalar and ¢! is a vector, the multiplication is done element-wise. B;’s loss of action j at
time t is therefore:

G(5) = p' () (3) -



We choose p' in the following way. At each time step ¢, algorithm B; outputs a distribution ¢!. We define the
matrix M to be the matrix who’s rows are ¢!:

7(]{ -

7an7

We choose p' to be a distribution p s.t. p = p? M (we can view p as a stationary distribution of the Markov
Process defined by M, it is well known that such a p exists). For intuition into this choice of p, notice that it
implies we can consider action selection in two equivalent ways:

1. Directly sample an action a ~ p'.

2. First sample an algorithm i ~ p’ and then use algorithm B; to select an action a ~ ¢!.

From our choice of pt it follows that:
Va: Y p'(i)el(a) = p'(a) .
i=1

Regret Analysis The loss that B; “sees” at time ¢ is:
0= (P (1)) g = p* (D) ((¢) " q)

Recall that B; is an algorithm that minimizes the external regret and let R be the regret bound for any B;, then:

T
Vj LE, —Zp Zet )+ R=>p'(i)'(j)+R
t=1 t=1

In words, B; ensures low regret for a function F' that maps an action ¢ to an action j, i.e. F(i) = j.
If we sum the losses of the m algorithms at time ¢, we get:

257 @) = 6)TME = 6170t 0

Therefore, sum of the perceived losses of the m algorithms is equal to the actual loss.
Summing Equation 1 over all time steps, we get that for all functions F' : A — A:

Ln = 2 lon = Z ZP g)"et) = g Z (ZP (F(i) + R) = Z Lz‘T—>F(i)+mR = Lgn,FJFmR

t=14i=1 1=1

||M3

We already saw a regret minimization algorithm that achieves an external regret of R ~ /T logm.
Therefore, we can derive an algorithm that achieves a swap regret bound of:

Swap Regret < ms/T'logm .

This bound can be further improved to the following:

Swap Regret < +/mT logm

But we will not show it here.



1.3 Lower Bound

For parameter k, let m = 2k, T = ak, we will show:
R > Q(VTm) = Q(v/ak)

Given algorithm with distribution p; in time step ¢, let M;(7) = be the number of times action i was chosen up
to time t i.e. ZT 1 p~(i). Divide the actions to pairs (25 — 1,25), The adversary assigns losses ¢! as follows:

o If M;(25) + My(2j — 1) < §, that is, the j-th pair was not chosen many times, then:

(1,0) with probability

02 — 1), £,(25)) =
(6625 = 1), £1(29)) {(0,1) with probability

D= N

e Otherwise, £;(2] — 1) = £4(25) =1

Since Y\ | My (i

; ( ) =3 St p() = XL 3 po(i) = T, the expected loss of any algorithm is at least
kel pay_ 37
23 2 1

i=1

If there is a pair with Ma;_1 + MQtj 5, then either action 2j — 1 or action 2j has a loss of at most % This

implies the lower bound: regret > %T g = %. Otherwise, for any pair with My;_q + Mgtj > 5 swapping the

actions of the pair to the lower loss appropriately, gives an expected improvement of Q(y/«) for each pair. With
k such pairs, the lower bound Q(+/ak) = Q(vmT) follows.

2 Wide Range Regret

2.1 Definition
We want to extend our model in two ways:

e Modification Rules: function f which given history and current action, choose another action. In contrast
to Swap Regret in which the functions were not history dependent.

e Time Selection: Function which set which times are counted. I(t) € [0,1], can be thought as weighting of
the steps which we want to be good at. Example for set of functions: the set of all of the intervals, its size
is O(T?).

In time ¢, given history until time ¢ for a modification rule f : A — A, which is history dependent, Let M a
matrix such that
i j=f()

0 otherwise .

M;’('Lv]) = {

For an algorithm H with relation to (I, f) the regret is

~—

T
Regret(H, I, f) = Y I(t) | Y] p'(a) (£e(a) = £:(f(a)))
=t 4 probabilities of H

T
Z )P} b — pf M ty)
Given set of pairs of modifications rule and time selection functions S € I x F

Regret(H, S) = (mz;x Regret(H, I, f)

We want to achieve regret bound as a function of |S|.



2.2 Reduction from External Regret to Wide Range Regret

Theorem 1. : Given Hey with external regret R(T, K) and losses in [—1,1]. It is possible to build an algorithm
H for losses in [0, 1] such that Regret(H,S) = R(T,|S|) , which runs in polynomial time in T, k, |S].

The reduction:

e Initialize H,.,; with arms set S

A time ¢ H.,; returns distribution ¢; over S

Choose pair (I, f) with probability ~ I(t)q:(I, f).

Take distribution p; which is equal before and after (formal definition will be given in the proof).

Feed H,.,; loss
G, f) =I(t) . pila) )) — 4i(a))

acA

Intuitively, the loss passed to the black box H., for (I, f) is such that g,(I, f) measures the regret with respect
to time selection function I of not having modified the output of H.,: using function f.
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Figure 2: Reduction from External Regret to Wide Range Regret. Note that we denoted h.,; losses with [

Proof. : For computing p; algorithm H.,; gets I(t) and ¢:(Z, f). if Z(I,f)ES I(t)qi(I, f) = 0 return an arbitrary
p¢. Otherwise, we will take p; such that

pl = pl I(t)q: (1, f)
o upes  2anes IOl f)

weights are summed to 1

t
My




Such p; exists since every row of the matrix is summed to 1, that is, 1 is eigenvalue of the matrix.
We defined the losses as:

W, f) = I(t) Y. pe(a)(Le(f(a) — Le(a)) = I(t)pf (M} — )t
acA
Observe that
T B T
Zz (I, f) = ZI )p{ (M} —1)¢, = —Regret(H, I, f)
t=1 t=1

and indeed ¢;(I, f) € [-1, 1] since

61, )] = [I(t) Y, p'(a) a) — li(a I Y [pe(@)] (€ f(a) = i(a () Y. pela) 1< D pi(a) <1

aeA aeA aeA ac€A

From the external regret of Hayt

V(I,f)eS 2 3 (L 9)l(J,g9) < Y 41, f) + R(T,|S|) = —Regret(H, 1, f) + R(T, |S|)

t=1(J,9)eS t

H..: loss in time ¢
Claim which we will prove later:
H,; loss in time t = 2 q:(J,9)0:(J, g)
(J,9)es

The claim with the inequality above yields

T
—Regret(H, I, f) + R(T,|S]) = 2

— Regret(H, I, f) < R(T,|5])

as required.

Proof for the claim:

Yo w(Lo)l(Jg) = Y, a(,9)J(Op] (ML —T)t, =

(J,9)es’ (J,9)€S
= > (Lo JWpf Mit,— > ai(J.g)J(t)pf b =
(J,9)eS (J,9)eS
=pi [ D) a(Lg)dOM. |t~ > a9 |@ft) =~
(J,9)es (J,9)es

o if Y, J(t)ar(J,g) #0

t J
«—pT Z(Jg)esq (J, )JEt) ( 2 (7, 9)J(t )M;) 0 — ( Z qt(J,g)J(t)) (pley) =

t
2isg)es 4t (] O\ (S pes (J,9)eS
J.g)J(t
= a(J,9)J @ gij( ))J(t)M; b — 2 a(J,9)J(t) (ptT‘gt) =
(Jg)ES (Jg)ES 2sgres ()9 (1.9)eS
= > «9J® |@ie) - X alLa)Jt) | (i) =0
(J,9)eS (J,9)eS

When the last identity follows from the way we selected p;



e otherwise, if >} ; J(t)q:(J,g) = 0, since all of the summands are non-negative, for every (J,g) € S,
q:(J, g)J(t) = 0 that is either g;(J, g) = 0 or J(¢) = 0 and obviously * = 0 as required.

O

3 Minimizing Regret with Time Selection Functions

We now present an online algorithm that achieves good external regret bound in presence of time selection
functions. The regret bound will depend on L,;,, the loss of the best action w.r.t the time selection function I,
making it a first-order regret bound (zero-order regret bound depends on the global time T'). Formally, Ly, is
defined to be:
T
Lyin = max min I(t)pl Mie,
I (1.hes = (B)pe My

Where M} is defined the same as in the previous section.

Theorem 2. Regret < O («/Lmin log |S| + log |S\)

Proof. We present an algorithm and analyze its regret. First let’s define loss of algorithm H w.r.t I:
T
LJI{J = Z I(t)PtTft
t=1
and the loss of algorithm H w.r.t (I, f):

L

N

I(t)p{ Mty

t=1

for simplicity we assume that V¢ 37 s.t. I(t) # 0 (otherwise all the losses at time ¢ are zero).
Let 8 € (0,1). We define the Reduced Regret to be:

RELS _ gpHI _ [HIS

Note that if 5 = 1, this is the swap regret. We will use the reduced regret for the regret analysis, but we still
want to minimize the regular regret.
Our algorithm will assign a weight w; (I, f) to every pair of time-selection function I and modification rule f:

_pH|If
wi(L, f) =B~ and wo(I, f) =1
and we normalize the weights:

_ wt(Lf)

a(1, f) Wi,

, where W;_; = Z wi—1(1, f)
(I,f)es

Intuition for the choice of weights If we have high regret from a pair (I, f) we would like to increase their
weight, that way we will play them more and the regret from this pair won’t be high anymore. Note that because

Be(0,1), w(l, f) = ,B_RtH’I’f increases with the regret.
We are now ready to describe the algorithm. For each time ¢, our algorithm H will do the following:

1. Compute ¢(1, f).

2. Choose p; just like in the previous section:

I(t)Qt (Iv f)
(I,f)eS 2 pnes I a(l, f)

(Recall that we assumed that V¢3I s.t. I(t) # 0, therefore the denominator is not zero)

Pl =pi Mj



Claim 1. Vt Z([,f)ES wt(I, f) < Z(I,f)ES wt71(17 f)

The proof will be given later this section.

From Claim 1:

(arH,JI_HISf _A
p=BLr " —Lr") — g=Rr(H.LF) — (1, f) < Z wo(I, f) = |9|
(I,f)es

Taking logarithm from both sides we get:

1
(5L¥I—L¥Jf)bg<ﬂ)ssbgw|

Therefore:

1 log |S
< (o 4 8

B log 3

Note that the inequality above is true for all pairs (I, f) € S, specifically it is also true for the (I, f) pair that

give Liin, SO:
1 log | S
L¥J < Lmin + o8 | 1 |
8 log 3

1 1 /1
— =1+ min< —, og S|
/6 2 Lmin

Regret < O ( Liin log|S| + log |S|)

If we choose S s.t:

we get:

O

Notice that 3 is dependent on Ly, so it can not be chosen beforehand. This can be solved using the doubling
trick: At each time step calculate L, and every time L, doubles itself, restart the algorithm. This will
multiply the regret bound by a constant factor.

We now turn to prove Claim 1.

Proof. Note that for any 5 € (0,1) and x € [0,1] we have f* <1—(1— )z and 77 <1+ (1— ﬁ)% Therefore,

Yoowl f)= D) wea(l, f)TO@M P

(I,f)es (I,f)es
Y wea (L ) [1= (1= B)I(#)(p) " Mpte] - [1+ (1= B)I(t)pf ¢4]
(1.1)es
< Y wa )= (A=BWir Y, @I HI®)pf Mpts + (1= B)Wier Y a1, ))IE)p] ¢
(I fes (I,f)es (1,1)

= > wa (L) = A=Weap! | DY) @, HIOM |+ (1= BWiap! | Y a(l, HIE) |4
(I,f)es (I,f)es (I,1)

= > wia(, f)

(I,f)es

where the last equation is due to our choice of p;. O



