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10.1 Agenda

1. Correlated Equilibrium

2. e—Correlated Equilibrium
3. Swap Regret

4. Dominated Actions

5. Calibration

6. From Calibration To Swap Regret

10.2 Correlated Equilibrium

Our model:

e N players.

A; is the set of actions for the i’th player.
e A=A x...Ay - combined actions.
e u; : A — R utility function of i’th player.

e We assume Vi : u;(@) € [0, 1].

We denote a_; = (ay,...,a;—1,0a41.. ay), i-€., the strategy profile a without the i’th

player action.

.....

Definition 10.1 (Correlated Equilibrium) A distribution ) over A is Correlated Equi-
librium (or CE) if:

Vi e [N] Vb,c e A;: Euuglui(a) —ui(a;,c)|la; =0 >0
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The intuition for the definition is that no player would want to deviate from the recommended
strategy.

Definition 10.2 (Switch Function) switch(a;,b,c) = { Z' Cobt:ef“wz’se

We provide another alternative definition for CE:

Definition 10.3 (Correlated Equilibrium) A distribution Q) over A is Correlated Equi-
librium (or CE) if:

Vie [N] Vb,c € A;: Eyglui(a)] — Eq, .. an~olui(a_;, switch(a;, b,¢))] >0

Definition 10.4 (Pure Nash Equilibrium) A strategy a = (a1, ...,ay) over A is Pure
Nash Equilibrium (or PNE) if :

Vi € [N] Vb,c € A;: ui(a) — u;(a_;, switch(a;,b,¢)) >0
Theorem 10.5 Every game with finite number of actions has at least one CE.

Proof: We build a zero-sum game.

Let the rows player choose a profile strategy from A, with means of maximizing M (that will
be defined latter).

The columns player chooses switch;(-,b,c), with purpose of minimizing the rows player’s
score.

Let denote a, = switch;(a;, b, c) and define M (a, (i,b,¢c)) as follows:

M(a, (i,b,¢)) = u;(a) — u;(a_;, switch;(a;, b, c)).

M(a,(i,b,¢)) can be seen as the profit of the i’th player, which is received by choosing to
play c over b.

Moreover, we notice that existence of CE is equal to the game having non-negative value.
The game has value at most zero since the columns player can always choose (i,b,b) and
thus get zero value.

We will show that:

e The value is equal to zero.

e For every mixed strategy of the columns player, the row player can guarantee zero
score.
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Given the mixed strategy of the column player over (i,b,c), we define a matrix D; in the
following way:

D;(b,c) = Prla; = c|la; = b, (i, *, %) chosen by columns player |

1
A"

If the probability of choosing (i, *, %) is zero under D, we choose D;(b,c) = |
Given D;, let m; be its stationary distribution:

T _ T

Noted we defined distribution IT over A as m; X ...7y.
Notice: If a ~ II and we sample (i, b, C) from D, then the distribution of a@; is equal to
the distribution of a;:

N
ZEaNH,(jb,c)ND[ui(a) - ui(a—i7 CL;)’] = Z] =0
=1

This means that the row player can guarantee value of at least 0.
Since we upper bounded and lower bounded the game value by zero, it means that the game
has value zero, which means that there exists a CE , thus completing the proof. O

10.3 e-Correlated Equilibrium

The demand for correlation can be relaxed, by demanding only that a player cannot gain
more than €, as a result of the action change.

Definition: For each player i € N we will define deviation functions:
F; = {f P A — Ai}
Definition: Q is e-Correlated Equilibrium if:
Vie NVf € F;: Eavglui(a)] — Eavglui(a—s, fi(a:))] < e

10.3.1 Swap Regret

Given sequence of loss functions Iy, (s, ...,l7 and sequence of actions aq,as, ..., ar we will

define:

T
Lsr = min > h(F(ay)
t=1
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We will define the Swap Regret to be:

max Rp
F

while R is:
T

Rp = l(a) = Len =y l(a) = Y L(F(a))

t=1

Theorem 10.6 If we played a game G with T steps, and SR of R(T,N), then the empirical

. , . _ R(T,N)
distribution @Q is an e-Correlated Equilibrium for e = —Z—.

Proof: Player i has utility function g;(x) = u;(a—;+,) and choosing a;,; actions.

T T
1 1 R(T,N)
T ; ge(ais) + max - ; 9i(F(ai)) < 7

The first term is the gain for player ¢ in the game and the second term is the gain from
changing to another actions.
O

10.4 Swap Regret Applications

10.4.1 Dominated actions
Action a; 5 is dominated by a;; if for every a_; we have:
wi(a—i,ai1) > ui(a—i, a;2)

Meaning, there is always on action which is more profit than the dominated action.

Likewise, action a; s is € — dominated by action a; ; if for every a_; we have:
wi(a_i,a;1) > uwi(a_;, a;i2) +e€

Clearly, we would like to avoid dominated actions. How can we guarantee it?

Theorem 10.7 If SR < R then in at most % steps we play € — dominated actions.

Proof: For every € — dominated action a;go, there is an action a,; such that by playing
a;1 instead of a;2, we would gain at least e. Therefore, if we keep k steps where we play
€ — dominated actions, we would gain at least ek.

Since SR < R, we have ek < R, meaning no more than g steps are played with e —dominated
actions. O
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10.4.2 Calibration

Each day a player gives a "forecast” p (e.g, the chance of rain for tomorrow). The per-
formance of such a forecast may be assessed in a Calibration test - In a long sequence of
predictions with probabilities p, the average realization is expected to be close to p.

Stochastic Model: Given a constant probability ¢ for the event to occur, then it is enough
to take the average. With high probability the average until time ¢ is close to ¢ and the
average from time ¢ till the end is also close to q.

Adversary Deterministic Model: After discretization of the problem to m + 1 possi-
ble predictions, the player is limited to forecasts of the form = ,0 <i < m.
For all 7, we define the following:

i Ztes(%)yt

)= 5]

After the player forecasts p', it observes y* € {0,1}. A player is («, €)-calibrated if for all #

Sy ={ep=1) ad o

m

where
T
Sz ar
t=1

It’s easy to see that within deterministic settings the problem is intractable, because the
adversary can choose a sequence of y; that will make any player’s strategy uncalibrated.
Specifically, consider the case that when p, > 1/2 the adversary chooses y; = 0 and when
pr < 1/2 the adversary chooses y; = 1. Clearly, these predictions are not calibrated.

Adversary Randomized Model: Now at each time step ¢ the player chooses a distri-
bution p, € R™™. The definition for S(£) and p(-) changes as follows:
iy ZteS( ')%Pg

E) S(L)

. T
1
S()=3"p and pf
t=1

SISES

Existence:

Lemma 10.8 There exists an («, €)-calibrated strategy for the forecaster which guarantees
to pass the calibration test with probability at least 1 — &, where 6 = me=<oT
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Proof: We will look at the zero-sum game, where the rows player will provide the y-sequence
(i.e., will decide whether or not it will rain) and the columns player will choose a strategy
based on the history:

1 2
s 1})

The value for (y, f) will be 0 if the predictions are (e, v)-calibrated and 1 otherwise. We’d
like to show that the columns player can pass the calibration test.

For every mixed strategy of the rows player, i.e., any distribution over sequences of y, we
can define a strategy for the columns player that computes the probability that y, = 1, given
the history. Let this probability be p;, and it is discretized to {O, %, %, e 1}, to be p;.
Consider all the times that the column player played p, = i/m. If the number of times it
plays p; is less then o7, this action is calibrated by definition. If it is more than o', then
with probability 1 — ¢ the difference between the realization and p; it is less then €, where
§ = e~“®T_ This implies that the value of the game is at most md. This implies that the
forecaster has a mixed strategy that guarantees that the probability of an outcome not being
calibrated is at most md. |
Now we introduce the algorithm which is constructed by performing a reduction from SR.
To this end, define a loss function by:

f : history — A({O,

And a general cost function:

Lemma 10.9 The action that minimizes the loss during the fractional times when we predict
i/m is p(2)

~ i iyt i
Proof: ¢* = argmin, Y, (i — 0)°pi(5) = Z2 = p() O
The following claim bounds the cost function as a function of the regret:
Lemma 10.10 C < SR+ %
Proof: At time step T, for all i € [m] there exists a probability j/m that is % — close to
p(i/m), i.e.:

o) - L)< (10.1)
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We denote by IR[i/m — j/m] the change in loss when we replace the predictions i/m by
j/m, this is also called internal regret. We now consider the regret of replacing a single
probability p,(-£) with p,(<) for all ¢ € [T].

Rli/mw j/m] = > pu(i/m)[lG,y") = (G, y")]

= Y mli/mll = —)? = ' = L)

I
/Eﬂ\
3
~.
~

-2
N~
3 —
N
0

|
3=
"
[N}

|
N
=
3=

|
SERS
N~
%

t=1
Now, if we sum the internal regret for all ¢ € [m]| we get the following
sw = 3 (Lntm ) (- 1) - (- 2)
B — Pt P " m ) " m
. i\ 1
D3 (Zpt i/m) ((m%) -3 - 5)
m . . 2
{ i T
= ; (Zpt i/m) (P(E) - E) -
T
where the inequality is because of the bound above. (10.1). O

Assume by contradiction that the series is not (o, €) — calibrated. Note that if an action %
has Zthl pe(i/m) > o1 and ’p(#) - %‘ > ¢, then:

C > éeaT

SR <y/mTlogm

We will show next week that:

This implies that:
T T
CSSR+—2§ mTlogm—l——2
m m
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2 mlogm 1

- T m?2
For « = L T =m® and € = —1; we have that:
m m

15 _Vogm+1  2-/logm
m 7 < 5 <
m

m2

e

Vm <2 /logm

m < 4logm
m < 16

and this is a contradiction.



